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Abstract—Solidification of alloys in a two-dimensional rectangular cavity with riser is analyzed. Results
for the following three cases are presented: (1) natural convection due to a temperature gradient with
constant domain ; (2) shrinkage-induced fluid flow with domain change ; and (3) interactions between cases
(1) and (2). For the alloy under study (1% Cr-steel), it is found that at the beginning and the final stage
of solidification, the shrinkage-induced fluid flow is stronger than the natural convection, while in the
middle stage of solidification the natural convection dominates. Also, the fluid flow caused by shrinkage
in the mushy zone is more significant than that by natural convection, which implies that the shrinkage
effect should be included in the modeling if the prediction of flow-related casting defects is desired.

INTRODUCTION

FLump flow in a solidifying casting can be caused by
the density difference between the solid and the liquid
phases (shrinkage-induced flow), the thermal and/or
solutal gradients in the presence of gravity (natural
convection), external forces (centrifugal force, mag-
netic force, etc.), and the surface tension gradient at
the free surface (Marangoni effect). It has long been
recognized that fluid flow plays an important role in
the formation of casting defects (e.g. refs. [1, 2]). In
particular, it has been reported that the interdendritic
fluid flow in the mushy zone is the general cause for
the formation of macrosegregation and porosity in
castings. Hence, a detailed knowledge of fluid flow
patterns and heat transfer characteristics during sol-
idification is crucial to the proper control of casting
quality.

In the past, a great deal of effort has been devoted
to establishing mathematical models for the pre-
diction of fluid flow and the associated defect for-
mation in castings. However, the modeling of fluid
flow and heat transfer for a phase change system is
inherently difficult, due to the presence of the solid
phase, mushy zone, and liquid phase, as well as the
release of latent heat at the unknown solid-liquid inter-
faces. In spite of the difficulties, tremendous progress
has been made in the past in the modeling of casting
solidification. A comprehensive review of math-
ematical-numerical models in the solid-liquid phase
change can be found in the literature (e.g. ref. [3]).

The historical development of casting solidification
models can be generally divided into three periods. In
the first period, roughly before 1970, the studies were
concentrated on heat conduction with phase change
problems (e.g. ref. [4]). In order to study casting

defects, the fluid flow was usually prescribed (or
from experiments) and decoupled from the energy
equation. As a result, the models were limited to the
one-dimensional case (e.g. ref. [5]). In the second
period, up to the middle of the 1980s, the coupling of
the momentum equation with the energy equation was
attempted (e.g. refs. [6-8]). The influence of inter-
dendritic fluid flow on the formation of macro-
segregation was investigated. However, usually the
simple Darcy’s law was employed, instead of solving
the complete momentum equation, to obtain the vel-
ocity field. In addition, the coupling between the solid,
mushy, and liquid regions was either ignored or
treated by means of the multiple-region method. In
such an approach, separate conservation equations
are derived and solved for each region, and an
appropriate energy balance at the interfaces is then
employed to couple the solutions. The modeling
requires a prescription of the size and shape of the
mushy region, and the associated interfaces with the
solid and liquid regions (e.g. ref. [8]). Hence, the mul-
tiple-region method is limited to some cases with the
assumption of quasi-steady state or simple geometry.

In the third period, late 1980s to the present, the
continuum (single region) concept, based on the
classical mixture theory or the volume averaging tech-
nique, was proposed (e.g. refs. [9-11]). The continuum
approach employs a single set of conservation equa-
tions, which are applicable to the entire domain
including the solid phase, mushy zone, and liquid
phase. Thus, it avoids tracking the phase interface and
the explicit consideration of the interfacial boundary
conditions. The continuum concept has been used to
model the formation of macrosegregation with mod-
erate success when compared with the experimental
results [9, 10].
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C  coeflicient, equation (1)

g  gravitational acceleration

H  height of casting, Fig. 1

H, height of riser and casting, Fig. 1
K  permeability

L length of casting, Fig. |

L, length of riser, Fig. 1

P
t
T

pressure
time
temperature

T, liquidus temperature

v velocity component in the y direction

velocity vector
X horizontal coordinate

NOMENCLATURE

¥ vertical coordinate.

Greek symbols
f  thermal expansion coefficient
i dynamic viscosity
p  density.

Subscripts
b bottom wall of cavity
i initial condition
1 liquid phase
r  relative velocity or right-side wall
of cavity
s solid phase.

None of the above-mentioned solidification models
had rigorously considered the shrinkage effect until
recently, when the authors [12] established a math-
ematical model to calculate the fluid flow and domain
change caused by shrinkage. However, in that study
the natural convection induced by a temperature
gradient was neglected. In the present study, the fluid
flow and heat transfer will be investigated for the
following three cases: (1) natural convection due to
temperature gradient with constant domain ; (2) shrin-
kage-induced fiuid flow with domain change ; and (3)
interactions between cases (1) and (2).

ANALYSIS

Consider the solidification of an alloy, placed in a
rectangular cavity, extending from x = 0 tox = Land
from y = 0 to y = H, as shown in Fig. 1. A riser is
located at the top of the casting, extending from x = 0
to x =L, and from y = H to y = H,. Initially the
casting and the riser are occupied by molten alloy at

b

I3

S+L

H;

CASTING

Y
X

|
o L

F1G. 1. Schematic of the physical domain and the coordinate
system.

a uniform temperature 7;, which is higher than the
liquidus temperature T,. Then, at time ¢ = 0 the planes
corresponding to y =0 and x= L are suddenly
brought to temperatures 7, and T, respectively, with
T, < T,, which are below the solidus temperature T,
while all the other surfaces are insulated.

The continuum equations developed by Bennon
and Incropera [9] have been modified to include the
shrinkage-induced fluid flow. The detailed derivation
and the associated assumptions of the governing sys-
tem of equations can be found in refs. [12, 13]. The
continuity equation, x-momentum equation, energy
equation, and the associated auxiliary equations are
exactly the same as those given in ref. [12], and they
will not be repeated here. However, as the natural
convection due to a temperature gradient is included

Table 1. Thermophysical properties for 1% Cr—steel, casting
conditions, and geometric data

Symbol (units) Value
k. (calem™'s 'K 0.07852
ky (calem™'s7 ' K1) 0.06861
¢ (cal g K™Y 0.15560
o (calg " K~ 0.15550
p, (gem™?) 7.36260
o (gem™?Y) 6.96830
po=p (gem™?) 7.16545%
Ak (cal g™ ") 65.9033
T, (K) 1744.4
7 (K) 1777.7
T, (K) 1843.15
T, (K) 1200
7. (K) 1700
u(gem=tsh 44122x107°
B(K™") 7.85579x 107°1
L (cm) 10.0
L, (cm) 2.0
H (cm) 8.0
H, (cm) 20.0

+ Density for case (1), natural convection with constant

domain.
1 Assumed.
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FiG. 2(a). The predicted flow patterns and mushy zone for
case (1) at time £ = 96.5s.

in the present study, the y-momentum equation is
modified to

0 o P op
5;(pv)+V (pVv) =V (mpl Vv) 3y
—ﬂﬂ(v—v)——pzlv—vl(v—v)
K p YK, ) °

—V (i V) + V- (u.vv (5)) +pgB(T—T) (1)

where the last term on the right-hand side of equation
(1) is new and is caused by natural convection using
the Boussinesq approximation. As discussed in ref.
[12], the shrinkage-induced fluid flow is accounted for
by the second last term on the right-hand side of
equation (1). Hence, one can study the effects of
shrinkage and/or natural convection by maintaining
or omitting the corresponding terms in equation (1).

As explained before, for the casting geometry illus-
trated in Fig. 1, the boundary conditions can be sum-
marized as
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Fi1G. 2(b). The predicted flow patterns and mushy zone for
case (1) at time £ = 265.5 s.

(I)atx=0and0<y<H,:

u=0, v=0, 0T/ox = (2a)
(Qatx=Land0<y<H:
u=0, v=0, T=T, (2b)
(Byatx=L,and H<y < H,
u=0, v=0, dT/ox=0 2c)
@aty=0and0<x<L:
u=0, v=0, T=T, (3a)
(S)aty=Hand L, <x< L:
u=0, v=0, 0T/oy=0 (3b)
6aty=H,and0<x<L,:
p=0, dufdy=0, dT/dy=0 (3c)

where pressure p is the gage pressure. In the cal-
culation of fluid flow due to natural convection, the
boundary conditions are the same as equations (2)
and (3) except that equation (3c¢) is replaced by
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F1G. 2(c). The predicted flow patterns and mushy zone for
case (1) at time ¢ = 336.5s.

(Naty=
u=20,

H and0<x<L,:
v=0, &T/oy=0. (3d)

The system of governing equations was solved by
the SIMPLEC algorithm. The details of the solution
procedure and the check of solution accuracy have
been discussed in ref. {11], and they will not be
repeated here.

RESULTS AND DISCUSSION

Numerical calculations were performed with typical
material properties for 1% Cr-steel {14]. These prop-
erties, casting conditions, and geometric data are sum-
marized in Table 1. Calculations were performed for
the following cases: (1) natural convection due to
temperature gradient with constant domain; (2)
shrinkage-induced fluid flow with domain change;
and (3) interactions between cases (1) and (2). The
velocity vectors to be shown next are based on the
continuum velocity components # and v. Since the
velocity of the solid phase, V,, is assumed to be zero,
u and v can be alternately expressed as fiu;, and fiv,,
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FiG. 3(a). The predicted flow patterns and mushy zone lor
case (2) at time f = 96.5s.

respectively. Hence, velocities appearing in the pure
liquid region are actual velocities, while those appear-
ing in the mushy region are the superficial or seepage
velocities. Solidus and liquidus contours are also
shown on the velocity plots, and they represent,
respectively, the boundaries of the solid and mushy
regions, and the mushy and liquid regions.

Case (1). Natural convection due to a temperature
gradient with constant domain

In this case, the average of solid phase density and
liquid phase density at the liquidus temperature is
adopted in the calculations. As there is no density
difference between the solid and liquid phases, and
the thermal expansion coefficient is small for this case,
the calculation domain remains constant, which is the
same as the traditional assumption on phase change
problems [9-11].

The transient development of the solidus and liqui-
dus contours, and the fluid flow are shown in Figs.
2(a)—(c) at times ¢ = 96.5, 256.5, and 336.5 s, respec-
tively. The fluid in the casting adjacent to the cold,
right-side wall is driven vertically downward due to
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FI1G. 3(b). The predicted flow patterns and mushy zone for
case (2) at time ¢ = 256.5s.

the presence of a temperature gradient. This descend-
ing fluid collides with the solid front near the bottom
wall and is deflected. A weak clockwise recirculating
vortex is then formed, as shown in Fig. 2(a). The
fluid within the riser is almost stagnant, because the
recirculating cell within the casting is weak and the
increasing temperature toward the top of the riser
decreases the natural convection effect within the riser.
The solidus contour near the bottom wall is propa-
gated faster than that near the right-side wall, because
the imposed temperature at the bottom wall T, is
lower than that of the right-side wall T,. From Figs.
2(a){(c), one also sees that the fluid flow within the
mushy region is much smaller than that in the liquid
phase, and the size of the mushy zone increases with
time.

Due to the moving of the solid front from the
bottom wall, the flow field gradually extends to the
bottom of the riser, and the recirculating vortex is
compressed into an elliptic shape by the solid front
from the bottom wall, as shown in Fig. 2(b). At the
final stage of solidification (Fig. 2(c)). the solidus and
liquidus fronts are almost parallel to the x-axis,
and the fluid flow due to natural convection is nearly
diminished.
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F1G. 3(c). The predicted flow patterns and mushy zone for
case (2) at time ¢ = 336.5s.

Case (2). Shrinkage-induced fluid flow with domain
change

Figures 3(a)-{(c) illustrate the velocity, the solid
front, and the liquid front for case (2) at times ¢ = 96.5,
256.5, and 336.5 s, respectively. At the beginning of
solidification, as the heat flux from the bottom and
the right-side walls is very large, the solid fronts are
propagated rapidly. Hence, the shrinkage-induced
fluid flow is relatively large at the early stage of sol-
idification. The liquid metal in the riser is driven
downward to feed such shrinkage, as illustrated in
Fig. 3(a), and a counter-clockwise recirculating vortex
is formed just at the intersection of the riser and the
casting. The creation of the vortex is due to a sudden
expansion of the area at this location. At a later time,
as shown in Fig. 3(b), the shrinkage-induced fluid flow
becomes weaker due to the formation of the solid
phase, which increases the thermal resistance and
decreases the heat extracting rate. The strength of
shrinkage-induced fluid flow is further decreased as
time increases, and finally, the recirculating cell is
diminished (Fig. 3(c)) as the formation of the solid
phase progresses.

One should note that the maximum velocity of the
fluid flow always occurs at the top of the riser for the
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FiG. 4(a). The predicted flow patterns and mushy zone for
case (3) at time r = 96.5 s.

case of flow induced by shrinkage. In contrast, for the
natural convection, case (1), the maximum velocity is
usually located near the interface between the pure
liquid and the mushy region. The fluid flow within the
riser is almost stagnant in case (1), but the flow with
greater velocity is found within the riser in case (2).
Also, by comparing Figs. 2(b) and (c) and Figs. 3(b)
and (c), one finds that the shrinkage-induced fluid
flow within the mushy region is larger than that of the
case for natural convection. This implies that in the
investigation of casting defects, the shrinkage-induced
fluid flow cannot be neglected for the conditions used
in the present study.

Case (3). Interactions between case (1) and case (2)
The temporal evolution of fluid flow due to the
interactions between case (1) and case (2) is shown in
Figs. 4(a){c). From Fig. 4(a), time 7 = 96.5 s, one
can see that there is a recirculating cell near the inter-
section of the casting and the riser, which is due to
shrinkage-induced fluid flow. Another stronger recir-
culating cell due to natural convection within the cast-
ing can also be seen in Fig. 4(a). The recirculating cell
due to shrinkage has disappeared in Fig. 4(b}, as this
counter-clockwise recirculating cell is balanced by the

K. C. Cuiang and H. L. Tsai
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FiG. 4(b). The predicted flow patterns and mushy zone for
case (3) at time ¢ = 256.5 5.

clockwise recirculating cell due to natural convection.

The recirculating cell due to natural convection is

pearly diminished at time ¢ = 256.5 s (Fig. 4(b}), and

a small recirculating cell caused by the interactions

between shrinkage-induced fluid flow and natural

convection is formed near the bottom of the riser and"
adjacent to the left-side wall. At the final stage of
solidification (Fig. 4(c)), all the recirculating cells have

disappeared, and the flow pattern becomes similar to

the one found in Fig. 3(c), which is due to shrinkage

only.

By comparing the figures (and some other figures
which are not shown in this paper {13]) for the three
cases discussed above, one can find that the shrinkage-
induced fluid flow is dominant at the early stage of
solidification because of a large heat flux (or heat
extracting rate). At the next stage of solidification, the
strength of natural convection is increased and the
natural convection tends to become fully developed.
Also, the formation of the solid phase increases the
thermal resistance, which in turn decreases the heat
extracting rate and the shrinkage-induced fluid flow.
Thus, the natural convection becomes dominant. At
the final stage of solidification, the temperature is
almost stratified and increases toward the riser, so
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FiG. 4(c). The predicted flow patterns and mushy zone for
case (3) at time 7 = 336.5s.

that natural convection becomes insignificant. At
this time, shrinkage-induced fluid flow, although its
strength is very weak, once more dominates the flow
field.

For the three cases under study, despite the large
difference in the flow field, it was found that their
isotherms are almost the same [13]. This is mainly due
to the high thermal conductivity typically found in
many alloys, as well as the small thermal expansion
coefficient and density difference between the solid
and the liquid phases. This finding is significant
because, although the solidification pattern and cast-
ing shake-out time depend mainly on the temperature
field, several casting defects are closely related to the
fluid flow only. Many alloys shrink by 3-7% in vol-
ume during solidification. The inclusion of the shrink-
age effect in the modeling, perhaps, does not influence
the prediction of solidification patterns in castings, but
it could significantly affect the prediction of casting
defects.

CONCLUSIONS

A mathematical model with which to study the
interactions between shrinkage-induced fluid flow and
natural convection has been developed. From the
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numerical calculations for the 1% Cr-steel, several
conclusions can be drawn as follows.

1. Although the isotherms and the temperature field
in the casting caused by shrinkage and/or natural
convection are nearly the same, their flow patterns are
very different.

2. The shrinkage-induced fluid flow is significant at
the beginning of solidification due to the existence of
a large heat flux. In the next stage of solidification,
natural convection becomes important because the
thermal resistance increases due to the formation of
the solid phase, the heat extracting rate decreases as
a result, and the natural convection becomes fully
developed. At the final stage of solidification, the tem-
perature is almost stratified and increases toward the
riser. Therefore, the natural convection effect is almost
diminished, and the shrinkage-induced fluid flow,
although its strength is very weak, again becomes
significant.

3. The fluid flow in the mushy region caused by
shrinkage is more significant than that by natural
convection due to a temperature gradient. Thus, to
study the formation of casting defects, such as
porosity and macrosegregation, the shrinkage effect
may have to be considered.
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INTERACTION ENTRE L’ECOULEMENT INDUIT PAR LE RETRAIT ET LA
CONVECTION NATURELLE PENDANT LA SOLIDIFICATION D'UN ALLIAGE

Résumé—On analyse la solidification d’un alliage dans une cavité rectangulaire bidimensionnelle. On
présente des résultats dans les trois cas suivants: (1) convection naturelle due & un gradient de température
avec domaine constant; (2) écoulement induit par le retrait avec changement de domaine; (3) interaction
entre les cas (1) et (2). Pour Palliage en étude (acier 4 1% de Cr). on trouve qu'aw début et 4 Ia fin de la
solidification, I’écoulement induit par le retrait est plus fort que la convection naturelle, tandis que dans
la période intermédiaire c’est la convection naturelle qui domine. Aussi écoulement fluide causé par le
retrait est, dans la zone de boue, plus significative que la convection naturelle, ce qui impligue que Peffet
du retrait doit étre inclus dans la modélisation si on recherche la prédiction des défauts dans le moulage.

WECHSELWIRKUNG VON FLUSSIGKEITSBEWEGUNG DURCH
SCHRUMPFUNGSVORGANGE UND NATURLICHER KONVEKTION WAHREND
DER ERSTARRUNG VON LEGIERUNGEN

Zusammenfassung—Fs wird der zweidimensionale Erstarrungsvorgang von Legierungen in einem
Hohlraum mit Steiger untersucht. Die Ergebnisse werden fiir folgende drei Fillle vorgestellt: (1) natiirliche
Konvektion infolge von Temperaturgradienten ohne rdumliche Verdnderung; (2) Flissigkeitshewegung
durch Schrumpfungsvorginge mit riumlicher Verdinderung; (3) Wechselwirkung zwischen den Fillen (1)
und (2). Fiir die untersuchte Legierung (1% Cr--Stahl) kann gezeigt werden, daB jeweils zu Beginn und
am Ende der Erstarrung die Flissigkeitsbewegung durch Schrumpfung grofler ist als diejenige durch
Konvektion, withrend in einem mittleren Bereich die natiirliche Konvektion {iberwiegt. Auch die Bewegung
durch Schrumpfung in der Ubergangszone ist wichtiger als die durch natiirtiche Konvektion. Dies bedeutet,
daB die Schrumpfungsefiekte bei einer zuverlissigen Vorhersage von Gufifehlern nicht vernachiissigt
werden diirfen.

B3AUMOZENCTBUE MEXAY TEUEHHEM XUIKOCTH 3A CHET YCAIKH H
ECTECTBEHHOY KOHBEKIIMH B ITPOLIECCE 3ATBEPJEBAHMS CITJIABA

ABHOTaIHS-—AHANMIMPYESTCH 3aTBEPHCBAHME CILIABOB B ABYMCPHOR NOJOCTH NPAMOYTOJABHOIO CEYEHHUL.
FpusoasTca pesyabraThi JUTH CIEHAYIOLMX TPEX CIy4aes: (1) eCTECTBEHHAaA KOHBEKIMA 3a CUET TeMnepa-
TYPHOTO IDAJHEHTA OPH DOCTOSHCTBE 3auATol e10 obnacry; (2) obycnosnenHoe ycaaxoi TeueHue XUl
KOCTH npHu W3MeHsioweiics obnacty; (3) coueranme cayyaes (1) # (2). Jinma uecneayemoro cunaea (1%
XpOM-CTa/b) HalifleHO, YTO Ha HAYAILHOM M KOHEYHOH CTANMAX 3aTBEPACBAHHA TCYEHME KHUIKOCTH 32
CYET ycaZkH sBjseTca Gojlee HHTEHCHBHBIM, YeM €CTECTBEHHAA KOHBEKINAS, B TO BPEMs Kak HA IPOMEXy-
TouHON CTa/¥n AOMHHEDYET eCTeCTBEHHas xousexuns, KpomMe TOro, BI3BAaHHOC YCAAKOH TEUYCHHE XHI-
KOCTH B 1EPEXOAHOH 30He §osice CYIIECTBEHHO, “EM TEYCHHE 33 CY€T eCTeCTBEHHOM KOHBEKIM, YTO
YKa3biBaeT H2 HEOGXOMEMOCTL yuera 3(pexTa yCaZk# nNpH MOIEINPOBAHEM € HENblO ONpPelcsieHHs
nedeKTOB OT/IMBKHY, CBA3AHHBIX C TEUCHACM.



